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Introduction

Z-kai Values Thinking Skills and a Disposition for Learning
Z-kai’s Zoom-Up Workbook is tailored to develop students’ mathematical thinking, problem solving, and explanation skills that are necessary for their future success in STEM. This series contains many problems that challenge
students, because the problem solving requires them to apply mathematical concepts and develop skills that
are uncommon to the mathematics curricula and instruction of most schools and classrooms. This series was
developed to reflect or surpass grade-specific Common Core State Standards in Mathematics (CCSS-M, 2010).
The application of mathematical reasoning, problem solving, and explaining mathematics provides multiple
opportunities for students to apply the CCSS-M Standards for Mathematical Content and Practice.
Z-kai has provided educational services in Japan since its inception in 1931, particularly focused on developing challenging material for advanced and gifted PreK-12 students. Z-kai’s extensive experience focuses on
students’ developing two important lifelong learning skills: (1) problem solving, reasoning, and flexible thinking; and (2) a disposition for curiosity, independent study and research, and collaboration with others to solve
challenging problems. Through its success in educating more than 200,000 Japanese students each year, Z-kai
has learned that it is better for students to solve a limited number of well-thought-out problems rather than
numerous less-challenging ones. In this way, students’ mathematical knowledge, thinking skills, and processing
are maximized and made more flexible.
This Zoom-Up Workbook contains 45 challenging problem sets that have been carefully selected to optimize
students’ understanding and perseverance. Given a limited number of total problems, the focus is on depth of
understanding rather than breadth of completion. Solving challenging tasks will help students develop confidence and motivation.
Another strength of Zoom-Up Workbooks is that many of the problems relate to the daily life of students. Applying previously-learned mathematics knowledge and skills to solve problems encountered in our daily lives
helps students to see mathematics as useful and effective. Just as importantly, students develop interest and
an eagerness for applying mathematics outside of the classroom, as well as in.
Solving challenging story problems develops students’ mathematical practice that is necessary
for success in middle school and beyond.
This workbook aims not only to build knowledge of algebra and geometry, but also to develop the following
mathematical practice:
Problem Solving Skills: Looking for necessary prior knowledge and utilizing this knowledge to solve new
problem(s) that students have not yet learned to solve.
Reading, Comprehension, and Representation Skills: Comprehending mathematics problem situations and
representing them in diagrams, tables, graphs, and expressions.
Explanation Skills: Explaining and justifying mathematical thinking processes and solutions.
Comparison and Generalization Skills: Finding effective, better, and more efficient solution processes.
These skills are required in middle school and upper-level mathematics; therefore, it is important to refine and
solidify these skills during the elementary school years.
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How to use Z-kai Zoom-Up Workbook
This Zoom-Up Workbook contains 45 problem sets. We recommend that you solve problems starting
with the first problem set (Problem 01) in the workbook. The problems are challenging, so please
take your time and don’t easily give up on finding the solutions. It might take you a few days to solve
each problem set.
After you finish one problem set, check your answers by referring to the pages in the “Answers and
Solutions” section at the back of the workbook.
If an answer is wrong, carefully read the section “How to Think and Solve” before reviewing your
solution process. It is a good idea not to erase any mistakes in your work. Instead, use a different
colored pen or pencil to make corrections and/or make notes to explain your mistakes and how
you corrected your thinking. By doing this, you will more clearly understand and remember the
mathematics needed to solve the problem(s).
In each section titled IfIf you
you can
can solve
solve this,
this, the
the math
math -- and
and you
you -- are
are cool!
cool! or
It’s awesome if you know! , you will find useful information that will help you understand and
increase your learning.
The problems marked with the thumbs-up symbol
are very challenging problems. When you
figure out how to solve these problems, you should be very proud of your achievement.
Dear Parents, Dear Teachers,
The Z-kai Zoom-Up Workbook is designed for students to be able to work independently. The
workbook provides an “Answers and Solutions” section that gives detailed explanations about
how to think about and understand solutions to challenging problems. To develop good habits
for learning mathematics’ problem solving, we recommend that students check and compare
their answers and solution process to the material in “Answers and Solutions.” We also encourage
parents and teachers to read the explanations together with students, especially since reading
and comprehending explanations is challenging for all students, at least some of the time.

Since everyone should learn to enjoy the challenge of thinking about and solving
challenging problems … let’s solve challenging problems together!

Eamal

Milmali

Iwanko
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Z-kai Zoom-Up Workbook Math Grade 4
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4

Multiplication and Large Number Problems

.

.

Score
100

1 Calculate the following. (5 points each)

76 × 8

2 Put appropriate numbers in the

96 × 5

89 × 9

. (5 points each)

1

×
8
1 1 2

5
×
6
5 1 0

5
×
8
6 0 0

6
×
7
7 2

14
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3 Five numbers follow a certain pattern (rule) in each problem below. Figure out each rule

and put appropriate numbers in the

. (5 points each)

 820,000 

 800,000  790,000

150,000 

 210,000  240,000 

999, 999 



 999,990  999,987

4 What numbers result when the following numbers are multiplied by 100 and then divided

by 10? (10 points each)
29

305

5 We are going to make 8-digit numbers using the following eight cards.

0 0 0 0 1 1 4 7
Answer the following questions. (5 points each)
What is the largest number?

What is the smallest number?

What is the third smallest number?
15

©Z-kai Inc.

Date

8

Divisible or Indivisible? (Part 1)

.

.

Score
100

1 Benjamin, a calculation champion, wants to learn more about division which he started to

learn in Grade 3.

I can find easily whether a number is divisible or indivisible
when it is small.
27 ÷ 9 = 3 → divisible (no remainder, so divisible by 9)
79 ÷ 9 = 8 R7→ indivisible (remainder is 7, so not divisible by 9)
However, if a number is large, it is not easy to see if it will be
divisible by another number. For example, I am unsure if the
following will have a remainder.
11,118,888 ÷ 9 = ???
I wonder if there is an easy method to determine if a number is
divisible or indivisible by a given number.
Benjamin went to the library to research methods for determining if a number is divisible
or indivisible by different divisors. He searched books for a long time and finally found a
table that helped him resolve his question. The table below shows what Benjamin found in
a book.

Divisibility Rules
Divisible by 2

The digits in the ones place are 0, 2, 4, 6 and 8.

Divisible by 3

The sum of all digits in a number is divisible by 3.

Divisible by 4

The last two digits are “00” or are divisible by 4.

Divisible by 9

The sum of all digits in a number is divisible by 9.

Using the divisibility rules above, answer the following questions.
Is the number 11,118,888 divisible by 9? Write math sentences to check if the number is
divisible by 9. Write “divisible” or “indivisible” in the Answer (
).
(15 points for the math sentence, 15 points for the answer)
Math Sentence

Answer

22
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Is the number 20,406,080 divisible by 4? Write math sentences to check if the number is
divisible by 4. Write “divisible” or “indivisible” in the Answer (
).
(15 points for the math sentence, 15 points for the answer)
Math Sentence

Answer

There are 9 numbered cards. Find all the numbers that are divisible both by 2 and by 3.
Then, find the sum of all these numbers.
(20 points for the math sentence, 20 points for the answer)

135

666

579

1,234

5,678

9,012

19,191

45,678

82,828

Math Sentence

Answer

Numbers divisible both by 2 and by 3
You investigated the numbers divisible both by 2 and by 3 in problem . These numbers are also divisible by 6. Check it out using a
calculator! Can you explain why?
The new divisibility rule you discovered:
Divisible by 6

%

7 8 9
Ｃ

4 5 6

AC 1 2 3

Divisible both by 2 and by 3

0 00 ・

23
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.

How to Keep Score in Bowling (Part 1)

.

Score
100

1 Benjamin, Emilio, and Greg are planning to go bowling. Since this is the first time any of

them have ever bowled, they are investigating how to keep score in a bowling game.

Bowling is a sport in which a player rolls a bowling ball to
knock over 10 pins and earn points. A player has two rolls per
frame (turn) to knock down all the pins. Players play a total of
ten frames to accumulate points. The tenth frame has a special rule: bowlers can roll a ball three times. The player who
collects the most points wins the game.

The table below shows the scores of a player from the first frame to the fifth frame. In
the first frame, the player knocked down 7 pins on the first roll and 2 pins on the second roll; so, the player got 9 points. In the second frame, the player knocked down 4
pins and 3 pins. After each frame, the cumulative number of points is recorded (for
example, the point sum of the first and second frame, 16 points). Continuing this way,
fill in the appropriate points in boxes through . (10 points each)
Frame

1
7

2
2

4

3
3

4
2

7

5
1

6

Name
9

16

22

31

46
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When a player knocks down all ten pins with one roll it is called a “strike.” When a
player knocks down all ten pins with two rolls it is called a “spare.” When a player gets
a strike or a spare, the player receives points in addition to the 10 pints earned from
knocking down all ten pins. What are the rules for scoring a strike and for scoring a
spare? Please examine the following score cards, and explain the special rules for a
strike and a spare. (35 points each)
Frame
Name

Frame
Name

1
7

2
4

5

14

23

1

2
4

19

The symbol for strike is:

Frame
Name

1
6

Name

28

3
2

7

20

39

48

1

2

3

Frame
5

2

7
27

46

2
55

The symbol for spare is:

Look at the points in frame 1 above. The additional points are the difference between the points that are recorded and 10 points. Continue to
examine frames 2 and 3 to find the special rule for scoring the points of
strikes and spares.

Strike

Spare

47
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.

Birthday Party

.

Score
100

1 Today is Kimberly’s birthday. Her friend Miles is telling her a math problem about age.

She is becoming very curious.
Kimberly:
Miles:
Kimberly:
Miles:

Today is my birthday. I’m 10 years old now!
Happy birthday! This is a birthday gift for you. It is a stuffed cat.
Thank you, Miles.
My grandmother taught me a way to use math to find someone’s
age. I’ll tell you how it’s done. How old is your father?
Kimberly: He is 38 years old.
Miles:
How many years from now will it be when your father’s age will be three times
as much as your age? If you use a tape diagram to represent the ages of your
father and you, you can find out. See, I drew a tape diagram for you! It is really
fun to think about this problem and the diagram will help us solve it.
Kimberly: Okay, I will try my best.
The numbers shown in the tape strips represent the age of each person. The
tapes show the number of additional years.

38

Father

□

10

Kimberly
38

Father
Kimberly

10

□

10

in the

□

3

□
□

10

□

Using the tape diagram above, find how many years it will take for Kimberly’s father’s
age to be three times as much as her age.
(15 points for the math sentence, 15 points for the answer)
Math Sentence

Answer

54
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IfIf you
you can
can solve
solve this,
this, the
the math
math -- and
and you
you -- are
are cool!
cool!
Let’s use the tape diagram to solve problems
and . If you can
draw the diagram on your own, the math-and you-are cool!

How many years later does her father’s age become two times Kimberly’s age?
(15 points for the math sentence, 15 points for the answer)
Math Sentence
Answer

How many years ago was Kimberly’s father’s age five times more than Kimberly’s age?
(20 points for the math sentence, 20 points for the answer)
Math Sentence
Answer

Are there two students who share the same birthday in your class?
Which do you think is more likely to happen in your class: there are two students
who share the same birthday, or there are no students that share the same birthday?
When researchers investigated this problem in 10 classes with 30 students in
each, they found there is the possibility of having a pair of students who share
the same birthday in 7 classes. If there are 10 classes with 40 students in each, it is
possible that there is a pair of students who share the same birthday in 9 classes.
If you look at this research, we can say that there are more chances to have two
students who share the same birthday in a class than classes where no one shares
a birthday.
One year has 365 or 366 days, so you probably thought that the chance of finding
two students who share the same birthday is less that finding that two students
do not share the same birthday in a class. Why don’t you try investigating this
question in your own class? It will be exciting if you can find students who share
the same birthday, but the math says you shouldn’t be surprised!
55
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.

Autumn Sports (Part 1)

.

Score
100

1 Autumn is the best season for sports at Zoom-Up Elementary School, because there is a

school-wide Sports Game Competition in October! Four 4th grade classes - Classes A, B,
C, and D - will compete against each other on the “Ball Game” day of the competition.
The 4th grade students vote to decide what ball game they will play.
All 131 4th grade students will vote for one event out of four possible
events: baseball, soccer, volleyball, and basketball. How many votes
are needed for soccer to be chosen as an event? Find the least number of student votes necessary for soccer to win.
(15 points for the math sentence, 15 points for the answer)
Math Sentence

Answer

Be careful, 131 ÷ 4 might not lead to the right answer.

On Ball Game Day, each class plays one time against each of the other three classes.
This tournament format is called “Round Robin.” The length of each game is 15 minutes. The break time between games is 8 minutes. Games begin at 1 p.m.. What time in
the afternoon will the games be finished? The school wants to finish the games quickly,
so two matches are played simultaneously (at the same time). (20 points)

56
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Four students from each class are talking about the results of the ball games. Figure out
the ranking of the 4 classes. If two classes end up with the same rank, then those classes
play each other and the winner of that game will earn the higher rank. (30 points)
Class A has 1 win and 2 losses.
I wish we could win more.
Mario, Class A
No class won all their games.
Elle, Class B

Class C lost against Class A.
How frustrating!
Tyler, Class C

Class D won against Class C.
Chang, Class D

1st prize:

2nd prize:

3rd prize:

4th prize:

The class that won 1st prize received a gift. The gift box is a cube and is
tied with a ribbon crossed at the top and the bottom. The length of the
ribbon is 2 meters which includes 48 cm to make the bow. Using this
information, how many centimeters is one side of the box?
(10 points for the math sentence, 10 points for the answer)
Math Sentence

Answer

57
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Mystery of Whole Numbers

.

.

Score
100

1 A Grade 4 teacher, Ms. Ortiz, introduces a math problem that uses whole numbers 1 and 2.

★Problem

Letʼs represent whole numbers as sums of only the numbers 1 and 2.
The numbers added to make each sum must also be written with the
smaller number (1s) in sequence before the higher number (2s).
For example, the whole number 4 can be represented in three ways
as shown below:
1+1+1+1
1+1+2
2+2
How many ways can the sum 12 and 1212 be expressed?
Letʼs think about it!

How many ways can you express the number 12 as a sum of 1s and 2s? (25 points)

How many ways can you express the number 1212 as a sum of 1s and 2s? (25 points)

At first, it may seem very difficult to know that you have listed
all possible sentences that equal the sum 1212. Perhaps if you
think of the sum 1212 a a sum of 2s only, that will be helpful.
60
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2 Below is another challenge that Ms. Ortiz gave to her students for homework. Let’s try to

solve the problem!

There are many numeral cards inside a “Let’s Add” box. The cards are marked with
either a 3 or a 5. Your job is to reach into the box, take some cards out, and find
the sum of the numbers on the cards.
For example, if you take out five cards that are 3s, the sum will be 15. If you take
out three cards that are all 5s, the sum will be 15 too. Actually these are the only
two ways to get 15 as the sum.
How many different ways can you make 35 and 1212 using this method?

How many different ways can you make 35 with 3s and 5s? (25 points)

How many different ways can you make 1212 with 3s and 5s? (25 points)

Keep in mind that the sum of five cards marked with number 3
and the sum of the three cards marked with number 5 is the same.
61

©Z-kai Inc.

Date

30

.

Line Segment Diagrams (Part 1)

.

Score
100

1 The diagrams below are called “Line Segment Diagrams.” A length of a line segment

represents the size of a quantity. Line segment diagrams help us visually represent relationships between and among quantities in a simple diagram.
①
●

$500

●
②

③
●

$500

$800
$500

Extend

I had $500.

Using a line segment diagram, we are going to solve the problem below.
Twyla had savings of $800 in her bank account. Her father deposited some money
into her bank account, so she has $1,500 now. How much money did her father
give her?

Below is a line segment diagram that shows Twyla’s situation above. Complete the dia. (10 points each)
gram by putting appropriate numbers in the
dollars
dollars

Find the answer to Twyla’s problem. (15 points)

68
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2 There are 44 fruits in a mix of apples and pears. The number of apples is 4 less than the

number of pears.

Below is a line segment model that shows the situation. Put appropriate numbers in the
. (10 points each)
Apples

represents the sum of
the two line segments.

Apples
& Pears

Pears
Pears

How many apples are there? (15 points)

3 There are 96 balls altogether. Some are red and some are white. If there are 30 more white

balls than red balls, how many white balls and red balls are there? Think about and represent the problem by drawing a line segment diagram. (15 points each)

Red balls

White balls
69
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Fractions (Part 1)

.

Score
100

1 Calculate the following. (6 points each)

2+3
8 8

4+3
9 9

2+2
5 5

3+2
6 6

6+1
7 7

2 + 3
12 12

5 + 4
11 11

4 + 9
14 14

72
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2 Calculate the following. (8 points each)

1+4+2
8 8 8

3+1+4
9 9 9

2 + 4 + 7
15 15 15

5 + 0.3 + 2
10
10

3 Answer the following questions. (10 points each)

How many whole number numerators are appropriate in the

place?

1< <8
9 9 9

How many whole number denominators are appropriate for the

?

1<1<1
8
3

In problem , all three fractions have the same denominator. In
problem , all three fractions have the same numerators. How
does that help you compare fractions?
73
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Secrets of a Pair of Set Squares (Part 1)

.

.

Score
100

1 Richard’s father is an architect and he showed Richard

his interesting triangle-shaped rulers. His father said the
45 °
60 °
rulers are called “set squares” and they always come in
a pair, as shown to the right. One of the set squares is
90 °
45 °90 °
30 °
called a “60-degree set square,” because the triangle has
30˚, 60˚, and 90˚ angles. The other set square is called a “45-degree set square,” because
the triangle has two 45˚ angles and a 90˚ angle. Both set squares are right triangles.
The 45-degree set square is an isosceles right triangle. A pair of set squares is very useful,
because it allows us to easily measure 30˚, 45˚, 60˚, and 90˚ angles. However, Richard’s
father pointed out that set squares can be even more useful, because we can make other
various sizes of angles if we combine the two set squares.
So, Richard tried it out and found one additional angle. Below is Richard’s explanation for
how to construct a 75° angle.
Richard’s explanation
I placed a set square above the other set square as shown to
the right, so I could make the shaded angle. The size of the
shaded angle can be found by adding 30° + 45° = 75°.
Learning from Richard’s explanation, come up with your own explanation for how to
construct a 15° angle. (30 points)

Using Richard’s explanation, come up with your own explanation for how to construct a
240° angle. (30 points)

86

©Z-kai Inc.

We could use the straight
side of the set square to
express a 180º angle.

180°

2 Richard’s sister, Katherine, has a math book saying that “the sum of the

three angle measures of any triangle is 180°.” Using this statement, find the
angle measure of the shaded angle shown here.
(20 points for the math sentence, 20 points for the answer)
Math Sentence

Answer

The Secrets of a Pair of Set Squares
Do you know why set squares have circular holes? Here are three reasons:
The air trapped between the paper and the set square can escape through the hole. This
allows the set square to stick to the paper better and helps us mark or draw lines easily.
When we try picking up the set square from the paper, we can easily pick it up by putting a
finger in the hole and grasping an edge of the set square. In this way, the air can easily flow
between the paper and the set square.
The majority of set squares are made of plastic. The plastic material may expand with higher
temperatures and shrink with lower temperatures. The hole on the set square prevents this
expansion and contraction. If the shape of a set square changes even a little bit, we cannot
use it effectively.
Problem 1 you created some angles using two set squares. There are other angles you can
create this way. Try finding what angles you can create. A 45° set square and 60° set square can
be combined to create special shapes. If you put two 45° set squares together, you can make
several different shapes, including a square shape. If you put two 60° set squares together, you
can make several different shapes, including an equilateral triangle.
Do you know that one of the sides of both a 45° and a 60° set square are the same length? Find
which two sides have the same length.
As you can see, a pair of set squares has many secrets and many uses, so why don’t you have
fun doing more set-square research? Share what you find with your friends and family!
87
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Cube Puzzles (Part 1)

.

Score
100

1 Mika loves 3-D (three-dimensional) shapes. She is fascinated by “nets.” A “net” is a flat-

tened-out 2-D shape composed of all the faces of a 3-D shape. So, when you fold a net
and glue it together, you will have constructed a 3-D shape. Mika wants to challenge her
friend, Jada, with problems to solve that are all about the nets of a cube!
Mika: Let’s first write four letters “M”, “A”, “T”, and “H” on the net of a cube as shown in
Figure 1. When we construct the cube from the net, we can see the word “MATH”
as we rotate the cube clockwise (from left to right). See it here in Figure 2. Please
note that the letter H is underlined to indicate which side is the bottom of the letter.
Figure 1

M A

Figure 2

T

M A

H

Jada: Yes.
Mika: Now, I will give you a more difficult problem. Start with the letter “M” written on
one side of a new net, exactly as shown below. Your job is to figure out a way to
make this net fold into a 3-D cube that spells “MATH.” So, you have to figure out
where the three letters “A”, “T” and “H” should be written on the cube’s net. Then,
when you construct the cube, the word “MATH” will appear when rotated from left
to right, just as in Figure 2.

M

Figure 3

Let’s try to solve the problem that Mika gave to Jada and write the three letters “A”, “T”
and “H” in the net of Figure 3. Please be sure to underline “H” to show which side is the
bottom of the letter. (20 points)

98
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There are many different nets of a cube. Here are nets that make the four-letter word
“LOVE.” Please note that the letter “O” has been underlined to show which side is the
bottom of the letter. Each net shows only one of the four letters on the net. Write the
remaining three letters of “LOVE” on each net so that you can read the word from the
left to the right when the 2-D net is constructed into a 3-D cube. (20 points each)

L
O
E

V

How many nets of a cube are there?
In addition to the 5 nets shown in this problem, there are 6 more (different) nets
that are possible ways to construct cubes. So, there are 11 different nets of a cube
altogether. Let’s draw these nets and fold them to construct cubes. If you can find
all 11 nets of a cube, the math-and you-are cool!

99
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How to use the Answers and Solutions Section
Point 1:
lists correct answers to all
problems.
Answers

Point 2:

discusses
thinking and solution processes.
How to Think and Solve

Problems in the Zoom-Up Workbook are not limited to the typical grade level content you learn in most
math classes; however, many problems are solvable using mathematics knowledge and skills you have
learned so far, if you know how to apply what you know. Most Zoom-Up problems are challenging, but
the problems will help you develop problem solving skills, logical reasoning skills, explanation skills and
perseverance.
When you solve these problems successfully, your confidence for learning mathematics will increase and
you will become a great problem solver and a good young mathematician!
Please check your answers carefully and think about the solutions discussed in the “Answers and
Solutions” section.
Then score and add up the points according to the points guide given in each problem.
If you make a mistake, read “How to Think and Solve” carefully and reflect on your solution process.
Do not erase your mistakes; instead, keep a record of each error. Use a different color pen when you
revise the solution and write down a clear explanation of how you made each mistake. What was your
thinking and why was it incorrect? What things do you want to be sure to remember the next time?
You will learn so much more if you think carefully and take your time to record what you have learned!
Dear Parents, Dear Teachers,
This “Answers and Solutions” section of the Zoom-Up Workbook explains answers and gives
helpful points for thinking about and solving each problem. Detailed solution processes are
included for most of the challenging problems. Although the Zoom-Up Workbook is designed
for students to study challenging problems on their own, it is helpful if parents and teachers
read this book and support a student’s learning by discussing the details. It may be helpful to
provide clues that will help students understand solution processes. The book contains very
challenging problems, so it is important for parents and teachers to help encourage students’
interest in solving problems and to enjoy the challenge.
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4

Multiplication and Large Number Problems

Since 4 will be in the tens place, you need to
find the appropriate number in the that will
result in a product that when added to the 4
(from 40) will make a 0 in the tens place. So,
we need to think about 8 × = 56, because
56 + 4 = 60.

Answers
1

608

480

801

2

1 4
× 8
1 1 2

8 5
× 6
5 1 0

7 5
× 8
6 0 0

9 6
× 7
6 7 2

a6
× 7
b 7 2
7 × 6 = 42
Since 4 is in the tens place, you need to find the
appropriate number in the of the multiplication 7 × a = b 3.

3

830,000 810,000
180,000 270,000
999,996 999,993
4

290

3,050

4

When a number is mutiplied by 100, the place
values of each digit in the number shift two
places to the left. When a number is divided by
10, the place value of the digits shift one place
to the right.

5

In this problem you are asked to create 8-digit
numbers with 8 numeral cards.
For problem , you cannot place 0 in the highest place (for example, “00,001,147”), because
the result will not be an 8-digit number. Therefore, you need to place 1 in the highest place
value.
For problem , use the answer to problem to
think about the solution.

5

74,110,000

10,000,147

10,000,417

How to Think and Solve
1

Using the multiplication algorithm with 2-digit
× 1-digit numbers: Please align carefully the
place values of multiplicand and multiplier.
Then, when you multiply to find partial products, make sure you align the place value of
these products too.
The final product (answer) to problem will
have 0 in the ones place, so don’t forget to put 0
in the ones place.

3

The problems and
following process.

can be solved with the

5
× 8
6 0 0
8 × 5 = 40
110

©Z-kai Inc.

8

Divisible or Indivisible? (Part 1)
How to Think and Solve

Answers

Problem Episodes No.8 and No.9 challenge you
to solve problems that apply very useful divisibility rules. Many students read the description
correctly and grasp the rules without having
formally learned the divisibility rules in math
class yet. Applying the divisibility rules helps
you develop strong reasoning skills and confidence for studying mathematics on your own
(or with friends!). After solving the problems,
it is highly recommended that you use a calculator to check whether the divisibility rules
work and your conclusions are correct. It is also
recommended that you, your family and friends
investigate different numbers together to see if
the rules you learned from these lessons apply
to these and other problems. In this way, you
will be sharing the mystery of numbers and
the joy of mathematics with your family and
friends.

1

Math Sentence: 1 + 1 + 1 + 1 + 8 + 8 + 8 + 8 = 36
36 ÷ 9 = 4
Answer: Divisible
Math Sentence: 80 ÷ 4 = 20
Answer: Divisible
Math Sentence: 666 + 9,012 + 45,678 = 55,356
Answer: 55,356

1

Find out if the sum of all digits, 36, is divisible
by 9 or not.
Find out if the last two digits, 80, are divisible
by 4 or not.
The numbers divisible by 2 are: 666, 1,234,
5,678, 9,012, 45,678, and 82,828.
The numbers divisible by 3 are: 135, 666, 579,
9,012, 19,191, and 45,678.
Therefore, only three numbers are divisible by
both 2 and 3. These numbers are 666; 9,012;
and 45,678.
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20

How to Keep Score in Bowling (Part 1)

【When you get a spare】
In the upper-left score card, the additional point
value is 4 which is awarded additional points
(4) added to 10 from the spare in frame 1 (10 +
4 = 14). This additional 4 is the same number of
points as the number of pins knocked down by
the first throw (4) in frame 2.
In the upper-right score card, 10 additional
points are added to the strike (10) to make the
score 20 (10 + 10). Ten is the same number as
the number of pins knocked down by the first
throw (strike = 10) in frame 2.

Answers
1

4
2
38
[Example]
Strike: A player is awarded additional points
earned from the next two throws (these
points are added to the 10 from the
strike).
Spare: A player is awarded additional points
earned from the next throw (these points
are added to the 10 from the spare).

How to Think and Solve
1

For each pin a player knocks down, the player
gets 1 point. Use this information to identify the
missing numbers of points (missing addends).
16 + □ + 2 = 22 □ = 4
22 + 7 + □ = 31 □ = 2
31 + 1 + 6 = 38
This problem develops your math reasoning by
requiring you to understand and apply the rules
for scoring and to explain your ideas logically.
Consider the additional points shown below as
you review and improve your explanation to the
“Answers” above.
【When you get a strike】
In the lower-left score card, 9 points are added
to the 10 points from the strike. Nine is the
same number of points as the sum of the number of pins knocked down in the first and the
second throw (4 + 5) of frame 2.
In the lower-right score card, 17 additional
points are indicated. Seventeen (17) is the sum
of the number of pins knocked down by the
first throws in frame 2 and 3 (10 + 7).
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24

Birthday Party

Answers

How to Think and Solve

1

1

Math Sentence: 10 × 3 = 30
38 − 30 = 8
8÷2=4
Answer: 4 years later
Math Sentence: 10 × 2 = 20
38 − 20 = 18
Answer: 18 years later
Math Sentence: 38 − 10 = 28
28 ÷ 4 = 7
10 − 7 = 3
Answer: 3 years ago

This problem involves visually representing
people’s ages and calculating to answer questions related to their ages.
Using the diagrams created by Miles, we can see
that the sum of three units of ten and two units
of is equal to 38.
If we draw the diagram below, we can see that
the sum of two units of 10 and a is equal to
38.

Kimberly

□

38

Father

10

□

10

□

Let Kimberly’s age of years ago be represented as “10 − (age).” Then we make a space
that represents 10 − . To help you solve this
problem, draw a diagram like the one below.
38
Father

□

Kimberly

□

10
38 − 10 = 28
28 ÷ 4 = 7
So, is 7.
The is:
= 10 − 7 = 3
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25

Autumn Sports (Part 1)

Class A

Answers

Class B

Class C

Class D

Class A

1

Math Sentence: 131 ÷ 2 = 65 R1
65 + 1 = 66
Answer: 66 students
2:01 P.M.
1st prize: Class B
2nd prize: Class D
3rd prize: Class A
4th prize: Class C
Math Sentence: 2 m = 200 cm
200 – 48 = 152
152 ÷ 8 = 19
Answer: 19 cm

Class B
Class C
Class D

In order to finish the games as fast as possible,
all teams play games and take a break at the
same time. So, the game schedule can be written as follows:
Game and Game (15 minutes) → Break (8
minutes) → Game and Game (15 minutes)
→ Break (8 minutes) → Game and Game
(15 minutes)
Therefore, it takes 15 × 3 + 8 × 2 = 61 minutes
to finish all games.

How to Think and Solve

According to Mario and Tyler, Class A won
against Class C and lost against Class B and
Class D. The table below shows the results of
the games.

1

This problem episode is about voting and the
certainty of getting the most votes. In order for
soccer to be chosen without fail, soccer must
receive more than half the 4th-grade students’
votes. Otherwise, there is a chance that the students who do not vote for soccer will all vote for
the same one of the three remaining ball games.
For example, if all students who don’t choose
soccer decide to vote for basketball, the vote is
actually between only two types of ball games
(not four). In this case, the number of soccer
votes must exceed the basketball votes. So, the
number of soccer votes would have to be more
than one-half of all the votes.

Class A

Class B

Class C

Class D

Class A
Class B
Class C
Class D

Then, according to Elle’s statement “No class
won all their games,” Class D must have lost
against Class B and Class B lost against Class C.
Class A

In order to solve the problem that involves
this round robin event, it is helpful to draw a
table as shown on the next page. For example,
the number ’s shown in the table represent
matches between Class A and Class B.

Class B

Class C

Class D

Class A
Class B
Class C
Class D
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The results for Class B and Class D are two wins
and one loss. Class A and Class C win one and
lose two. Class A defeated Class C. Now, we can
interpret the order of the prizes.
Draw a 2-dimensional net to help you see all
sides of the gift box at one time . If you subtract
the length of the ribbon that is used to make
the knot, the length of the ribbon that is tied
around the box is equal to the cube’s side length
multiplied by 8.
When you solve problems that involve finding
the lengths of ribbons or ropes tied around a
3-dimensional figure, it is very important to
draw nets of the figures to help you visualize
and think about solutions.
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27

Mystery of Whole Numbers

By repeating this process, you will find 7 different ways to express 12.
From these two investigations (4 and 7) and observation, we can begin to generalize that when
you add six 2s, you make 7 different expressions. So, we can conclude that will be one more
different expression than the number of 2s you
added originally. Why don’t you try different
numbers to see if your generalization idea for
this problem appears to “work” all the time?

Answers
1

7 ways

607 ways

3 ways

81 ways

2

How to Think and Solve

In this episode, you learn a very important strategic problem-solving method: When you face a
difficult problem, investigate the problem using
smaller or simpler numbers, discover clues, and
generalize a solution method that you can use
to solve the problem with its original numbers.
This method can become an important skill
that is helpful and necessary in the future when
you are learning middle school and high school
mathematics!

Now use the strategy you applied in problem
above.
When you divide 1,212 by 2, you get 606. If you
generalize the relationship between 2s and 1s,
you know you can express 1,212 in 607 different
ways (606 + 1 = 607).
2

There are three ways to get a sum of 35:
• Seven 5 cards
• Five 3 cards and four 5 cards
• Ten 3 cards and one 5 card

1

First refer to the example and use 7 ways of
writing expressions. To solve this problem in a
clever way, apply your work with smaller and
simpler numbers to solve this more difficult
problem. You will need to think about a logical
and effective way to solve the modified problem.

Using what you learned from problem , you
could change five 3 cards to three 5 cards.
First, divide 1,212 by 3 to get 404. This means
that you need to add four hundred and four 3s.
Then you need to transfer five 3 cards to three 5
cards.
404 divided by 5 is 80 with a remainder of 4. So,
you can express 1,212 in 81 (80 + 1 = 81) different ways.
You do not need to know about this now, but
what you learned in this episode is based on a
very famous integer problem of “indeterminate
equations” which you will learn in high school
mathematics!

First, think about expressing 12 as a sum of
2s. Since 12 divided by 2 is 6, you will need to
add six 2s. Then you can start to incrementally
transform “2” to “1 + 1” (substitute 1 + 1 for
each 2) from the left side of the expression, as
shown below.
2 + 2 + 2 +2 + 2+ 2
=1+1+2+2+2+2+2
=1+1+1+1+2+2+2+2
(Repeat this process until the repeated addition of six 2s is represented as a repeated
addition of twelve 1s.)
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30

Line Segment Diagrams (Part 1)

The number of apples is represented by the line
segment below.

Answers
1

800
1,500
700 dollars

Number of apples
Apple
44

2

4
20 apples
3

Pear

44

4

White balls: 63

From the line segment diagram you can see that
subtracting 4 from the number of pears will
make the number of apples and pears equal. So
twice the number of apples is equal to
44 – 4 = 40.
Then, you can find the number of apples by calculating 40 ÷ 2 = 20. The number of pears is
20 + 4 = 24.

Red balls: 33

How to Think and Solve
1

In this problem episode, you were introduced to
line segment diagrams and learned how to draw
them. You may be able to solve this problem
without drawing a line segment diagram; but it
is always a good idea to learn how to draw these
diagrams. The skill of diagramming will be useful when you face more difficult problems.

You could also solve this problem as shown in
this diagram.
Apple
4

For problem , be sure to identify what part
of the line segment diagram shows the amount
that the problem is asking you to find.
$800

Pear
Number of pears

From this line segment diagram you can see
that twice the number of pears is equal to 44 +
4 = 48. So, you can find the number of pears by
calculating 48 ÷ 2 = 24. The number of apples is
24 – 4 = 20.

Money received
$1,500

2

44

This problem requires finding two quantities
you are comparing when the sum and the difference of the two quantities is known. It is
much easier to represent and see the relationship between the parts and the total quantity in
a line segment diagram.

3

This problem is similar to the previous problem
2 . Begin by drawing a line segment diagram.
If you knew the quantity of white and red balls,
you would know the number of white balls is
about twice as many as the number of red balls
and would draw a diagram that shows that.
However, since you know only the difference
of 30 and you don’t know how many red balls
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or how many white balls there are, you will not
be able to draw the diagram precisely. It is also
unnecessary to draw the line segment diagram
using a straight edge, but it will be easier to
draw with a straight edge than by freehand.
The solution is shown below.
White balls

30

96

Red balls
Number of red balls

From the line segment diagram you find that
subtracting 30 from 96 will make the number of
white and red balls equal. So, twice the number
of red balls plus 30 can be calculated as
96 – 30 = 66
The number of red balls is 66 ÷ 2 = 33.
So, the number of white balls is found by calculating 33 + 30 = 63.
Another way you could have drawn the line
segment diagram is shown below.
Number of white balls

Number of red balls

30
96
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Fractions (Part 1)

Answers
1

2

How to Think and Solve

5
8

7
9

4
5

1

5
12

9
11

7
8

8
9

13
15

6

4

5
6
H

1

Addition of fractions with like denominators:
When both addends have the same denominator, you add only the numerators. When
addends are made up of the same unit fraction
(such as sevenths in the denominator), finding
the total number of these unit fractions requires
adding only the numerators.
Note: The preferred answer to problem is to
7
record it as “1” whole, not seven-sevenths .
7

2

The addition problems from to involve
three fraction addends with like denominators.
Even when there are three (or more) addends,
the addition problems are solved in the same
manner as in the previous problem 1 . All
addend numbers have like denominators (same
unit fractions).
Problem is a mixed addition problem (addition of both fraction and decimal numbers).
3
You may convert 0.3 to a fraction
or
10
5
2
convert both
and
to decimal numbers
10
10
before calculating the sum.

3

You need to find all the appropriate whole numbers that fit in the to make the comparisons
true.
Pay attention to the fact that the three fractions
in problem have the same denominator, and
the three fractions in problem have the same
numerators.
For problem , you might want to write down
2
all fractions with the denominator 9, such as ,
9
3 4
, , … to find the answer.
9 9

13
14
1

3
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38

Secrets of a Pair of Set Squares (Part 1)

In Richard’s example, he made a 75° angle by
adding two angles. In this problem, you were
able to see and make a 15° angle by subtracting
one part of a larger angle that was formed by
putting two set squares together.

Answers
1

[Example]
Position two set squares as shown below.
The shaded angle can be represented by
45° – 30° = 15°.
So, the angle is 15°.

The character’s speech bubble says you can use
the straight angle (180°) of the straight edge
side of a set square. You can also construct an
angle of 240° by putting two set squares together without using the straight edge side of one of
the set squares (as shown below).

[Example]
Position two set squares as shown below.
The shaded angle can be represented by
180° + 60° = 240°.
So, the angle is 240°.
2

2

Math Sentence: 180° - 45° = 135°
180° - 135° - 30° = 15°
180° - 15° = 165°
Answer: 165°

You will learn that the sum of the three angles
in any triangle is 180°, in the upper grade. This
problem requires you to explore the solution to
the problem by combining your present knowledge with this new knowledge.
The math sentences in the answer above are
established by focusing on the shaded triangles
below. When you pay attention to the shaded
triangle with diagonal stripes, you can use the
math sentences below to calculate the angle.
180° − 60° = 120°
180° − 120° − 45° = 15°
180° − 15° = 165°

How to Think and Solve
1

This problem helps you develop a deeper understanding of angles. You will see how new
angles can be created by adding or subtracting
the angles of a set square or set square combinations to form new angles.
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44

Cube Puzzles (Part 1)

faces with a or a , as shown in the diagram
below. Then mark the three faces that share one
vertex.

Answers

M

T H M

1

A

A
L

E

O

You may think about this in the same way as in
problem . For example, here are several solutions.

V
E

O

V

L
L O
V

E
O

L
E

O

E

V

L

O V

V
How to Think and Solve

The key to solving this problem is thinking first
about where to place the letter “A”. You should
find the face that will be shared with the right
side of the “M” face when the you construct the
cube. A helpful way to keep track is to mark the

L

1

E
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